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Fig.2 Variation of Cp and C;, with time for case 9.

Ogami and Ayano® computed C, =1.07, using a Lagrangian vis-
cous vortex method (they did not calculate the Strouhal number).
The general agreement between the two numerical methods is ac-
ceptable for the mean drag coefficient, and both results are close to
the experimental values. However, the three-dimensional and tur-
bulence effects present in the experiments are nonnegligible for the
Reynolds number used in the simulations, and a two-dimensional
computation must produce higher values for the drag coefficient, as
obtained in our simulation.

Conclusions

The vortex method presented here to study the two-dimensional,
incompressible, unsteady flow around a fixed circular cylinder is
able to predictthe main globalquantitiesof a high-Reynolds-number
flow. The calculatedaerodynamicforces are close to the experimen-
tal and numerical data used for comparison. Also, the simulations
are able to capture complex flow mechanisms, such as separation,as
part of the computation. The analysis of the influence of the numer-
ical parameters on the simulation has pointed out the importance
of choosing suitable values for N, At, and &, and the trends when
these parametersare varied have also been identified. The numerical
results also brought up that € strongly affects the simulations and,
therefore, must be modeled correctly. This is an important output of
this work.
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Introduction

HE development of thin-plate and shell theories has received

much attentionover the past century,' > but only more recently
has attention been drawn to thick-plate and shell theories with con-
sideration of transverse shear deformation in multilayered compos-
ite plates and shells. Reddy* developed a simple higher-order the-
ory for laminated composite plates where the two transverse shear
stresses vanish on the top and bottom surfaces and the displacement
field is formed by setting the two corresponding strains to zero.
Soldatos and Hadjigeorgiow’ employed the governing equations of
three-dimensionallinear elasticity and solved them by using an it-
erative approach for the prediction of the frequencies of vibration.

Voyiadjis and Shi® developed a refined higher-order, two-
dimensional theory for thick cylindrical shells with very good ap-
proximations for the shell constitutive equations and the nonlinear
distributionsof in-planestresses across the thicknessof the shell. On
the basis of shear deformation theory, Kabir and Chaudhuri’ used a
double Fourier series to obtain analytical solution of the free vibra-
tion of antisymmetricalangle-ply laminated shells. Soldatos® devel-
oped a refined shear deformable theory that accounts for parabolic
variation of transverse shear strains and is capable of satisfying zero
shear traction boundary conditions at the external shell or plate sur-
face without making use of transverse shear correction factors. An
approachbasedon Galerkin’s method was used to solve the problem.
Touratier” provided a generalized shear deformation theory for ax-
isymmetrical multilayered shells. The shear forces were taken into
account using “shear” functions introduced in the assumed kine-
matics. In the vibrationand stability analyses of cross-ply laminated
cylindricalshells,Nosierand Reddy'® developedanew techniqueby
generating Levy-type solutions and using an extension of Donnell’s
classical equations to first-order shear deformation theory.

In this Note, an improved general higher-order, thick-laminated-
shell theory is established to analyze vibration of thick cylindrical
shells. There are five unknowns in this theory, as in the first-order
theory, but they have different physical meanings and include two
additional rotations due to transverse shear forces. The theory is
based on a summation of displacements of classic thin-shell theory
and displacementsdue to transverseshearforces. The displacements
due to transverse shear forces are in the form of cubic functions of
the thickness coordinate that satisfy the parabolic distributionof the
transverseshearstresses and zero transversenormal strain. The min-
imum total potential energy principleis used to obtain the frequen-
cies of cylindrical shells. The effect of transverse shear force resul-
tants on frequency characteristicshas been studied by investigating
the frequency variations with transverse shear correction factor K.
Numerical results of the higher-order shear deformation theory and
the first-order shear deformation theory are compared with exist-
ing results in the literature. The frequency characteristics for thick
laminated composite cylindrical shells with different thickness-
to-radius H/R and length-to-radius L/R ratios is presented
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for variations of circumferential wave numbern and H/R and L/ R
ratios.

Theoretical Formulation

The geometry and coordinatesystem of the cylindricalshell under
considerationis shownin Fig. 1. The cylindricalshell is of length L,
thickness H, and radius R. Both of the ends of the shell are simply
supported. The orthogonal curvilinear coordinate system (x, 6, z)
is fixed at the middle surface of the cylindrical shell and x is the
axial, 0 is the circumferential,and z is the transverse coordinate.

In this Note, an improved higher-ordertheory is used to deal with
the effectof shearforceson the frequenciesof the cylinder.In higher-
order shear deformation laminated theory, the Kirchhoff hypothesis
is relaxed by removing the third part; i.e., the transverse normals
do not remain perpendicular to the midsurface after deformation.
The inextensibility of the transverse normals requires that w not be
a function of the thickness coordinate z. The displacement field is
assumed to be a combination of the displacements of classical thin-
shell theory and the displacement caused by the transverse shear
forces that satisfy zero transverse normal strains:

u(x,y,z) =u.(x,y,z) +us(x,y,2)
v(x,y,2) =ve(x,y,2) +ve(x,y,2)

W()C, y’Z) =W0(X,Y,Z) (1)

where u,, v, and u,, v, are the displacementsof classical thin-shell
theory and displacements due to transverse shear forces, respec-
tively; and ¢, and ¢y are the rotations of transverse normal about
the 6 and x coordinates, respectively. In other words, these addi-
tional rotations are caused by the transverse shear forces.

The strains for a general shell are defined with respect to u, v,
and w by

ou w
0x R,
ov w
& —
R,00 R,
&0 0 ow v
v
o, =1 —+ - 3)
0z R,00 R,
Exz
o ou ow Ug
Exo —t— =
0z 0x R,
ov ou
—+
ox R289

where, for cylindrical shells, Ry =R and R, =0.

< I

Fig.1 Geometry and coordinate system of the cylindrical shell.

For cross-ply laminated shells, we obtain the transverse forces
that are a parabolic distribution in the transverse direction while
simultaneously satisfying the zero transverse strains on the top and
bottom surfaces of the shell:

0., (X, 5, 2) = Oss5(2* = h*/4) po(x, y)
0o (%, ¥, 2) = Qu(z*> — h*/4) @ (x, y) )

For orthotropic layers the compliance matrix and stress-strain
relation in the material coordinates are of the form

1/E, vl E, 0 0 0
-Vl E, 1/E, 0 0 0
[Si;] = 0 0 1/Gy; 0 0
0 0 0 1/ Gy 0
0 0 0 0 1/Gy,
o] On QOn O 0 0 £
[¢5) Qn 0O»n 0 0 0 &
ol ={ 0 0 QOu O 0 &4 (5)
Os 0 0 0 Oss 0 &s
GCg 0 0 0 0 Qs &6

The coordinate system used in the solution of the problem does not
coincide with the material coordinate system. Furthermore, these
composite laminates have several layers, each with a different ori-
entation of their material coordinates with respect to the laminate
coordinates. Thus, we need to establish the transformationrelations

(01 =[TIIolT)” (©6)

where [T'] is the standard transformation matrix.
Now we obtain the stress-strainrelations in the problem coordi-
nates:

Oy Ou On 0

0 O £y
for) On 0»n O 0 0O &g
oo, ¢ =| 0 0 Qi Qs 0 Yoz (7
(o254 0 0 045 Oss 0 Vxz
Ox0 Qs O O 0 O Yx0

The force and moment resultants for a thick shell are defined, re-
spectively, by

{]an Ne, Nxe}

X z z

= 1+ — 1+—=]¢d
Z/ {Gx( R>,C79,C7xe( R)} Z
k=1Y2%+1

{Mx’ Me, Mxe}

N 2k
Z Z
= § X 1+ —= B s Ox 1+ —= d
k=l'/;\‘+l{q( R) . cr18( R>}Z )

N %
{0.. Qo) =Z/ {ze(l + %) Cfxe}zdz ®)
k=1 Tk+1

To avoid the complexity of the partial differential governing equa-
tions in terms of forces and moments, the frequencies of the shells
are obtained by the minimum total potential energy principle. The
strainenergy U and the kineticenergy T for a thick cylindrical shell
are defined as

hl2 L 2r
U =/ / / (Gxgx + opeg t Oy €0, + Oxz€:2x
—h/2 Y0 0

+ 0,9€,9) R dOdx dz

1 hl2 L p2n
T = 5/ / / pi(i* +v* + wHRd0dx dz ©)
—h/2 Y0 0
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N 2k
o =Z/ pfzdz (10)

k=1"Yak+1

where pf is the density per unit length of the kth laminate. The
Lagrangian is

L =Tmax - Umax (11)
The displacement field is of the form

uy = A cospxcosnfe®, vy = B sinpx sinn0e®!

oti oti

wo =C cospx sinnfe”, ¢. =D cospxcosnfe

$o = E sinpx sinn@ e (12)

where p =mmn/L. The axial modal function has been chosen to
be the simply supported characteristic beam modal function. For
cross-ply laminated cylindrical shells, it can be seen from Egs. (3),
(8), and (12) that these assumed displacements satisfy simply sup-
ported boundary conditions, i.e., w(0, L) =v(0, L) =N,(0, L) =
M. (0, L) =@y(0, L) =0. Substituting Egs. (3) and (12) into the
Lagrangian of Eq. (11) and applying the minimum total potential
energy principle, we obtain

oL oL _aL 3L _ oL ~o 13)
A ~ 9B~ oC ~ oD  JE

Substituting the displacement field into Eq. (11) and applying
Eq. (13) yields

(14)

Mo Q% e
Il
o o o oo

Because the nontrivial solutions of a matrix equation are obtained
only if the determinant of the matrix is zero, we obtain a fifth-order
algebraicequationin ?, i.e., there are five pairs of distinct frequen-
cies for every m-and-n combination. The roots of these equationsare
the natural frequencies,and the lowest of these five pairs of frequen-
cies is associated with the mode where the transverse displacement
component wy dominates.

Numerical Results and Discussion

To validate the present analysis, comparisons are made with ex-
isting results from the open literature. Present first-orderand higher-
orderresults for a long isotropic cylindrical thin shell are compared
with results presented by Chen et al.!! and Soedel'? in Table 1. For
a long thick cylindrical shell with simply supported boundary con-
ditions, the corresponding comparisons are presented in Table 2.
From the results presentedin these two tables, it is observed that the
present results agree well with those of Chen et al.!! and Soedel.!?

To prove the validity of this analysis for short shells (L/R < 5),
comparisons are made with results presented by Timarci and
Soldatos'? for a short, thick, laminated cylindrical shells with sim-
ply supported boundary conditions. The results are presented in
Table 3. The results of Timarci and Soldatos'® are denoted by PAR
(parabolic), HYP (hyperbolic), and UNI (uniform) and are the shear
deformation shape functions used. PSDT is a parabolic shear de-
formable shell theory used by Timarci and Soldatos.!* From the
results in Table 3, we see that good agreement with other theories
is attained for a very short, thick laminated cylindrical shell with
simply supported boundary conditions.

This Note also compares at the frequency characteristic dif-
ferences between thin and thick shells. Properties of the three-
layered (0/90 deg/0) laminated composite cylindrical shell are
E, =7.6 X10° N/m?, E, =2.5E,, p =1643 kg/m®, v, =0.26,
G, =G13,Go3 =0.2G 5, andinner-, middle-,and outer-layerthick-
ness = h/3. Figure 2 shows the variation of frequency parameter

Table 1 Comparison of frequency parameter w./[pR*(1— v2,)/E;]
for a long cylindrical thin shell with simply supported boundary
conditions (m =1, /R = 0.002, and v = 0.3)*

Present

n Chen et al.!'® Soedel 2 First order Higher order
2 0.00154919 0.00200014 0.00206636 0.00206636
3 0.00438178 0.00489912 0.00492965 0.00492965
4 0.00840168 0.00894441 0.00896183 0.00896183
5 0.0135873 0.0141423 0.0141533 0.0141533
6 0.0199323 0.020494 0.0205014 0.0205014
7 0.0274343 0.0280001 0.028005 0.028005

8 0.0360922 0.0366607 0.0366635 0.0366635

First-order results obtained using shear correction factor of %
thuation of Chenetal.!l:

n2(n? —1)2 Eh?
Onmn =
n2+1  p(l—-v2)12:2

CEquation of Soedel! 2:
E h? 1 mar )’ mrr\>
Oy =, | = — — + n2 —_—) +n2-1
12p(1 =v2) r2 r2 L L

Table2 Comparison of frequency parameter w./[pR* (1= v?)/E]
for a long cylindrical thick shell with simply supported boundary
conditions (m =1, k/R = 0.2, and L/R = 200)*

Present
n Soedel!'? First order Higher order
1 0.000433617 0.0406152 0.0406152
2 0.200014 0.20207 0.202078
3 0.431542 0.469762 0.469858
4 0.793432 0.82573 0.826221
5 1.22304 1.25391 1.25551
6 1.70368 1.73985 1.74382
7 2.2221 2.27123 2.2794

AFirst-order results obtained using shear correction factor of %

Table3 Comparison of frequency parameter wLZ\/ (pE,)/h for a
short laminated (0/90 deg/0) thick cylindrical shell with simply
supported boundary conditions im=1, h/R =0.2, E{/E; =40,K = %,
n=2,Gy2=0.6E;, and G,3 =0.5E,) against results of various theories
used in Ref. 13*

Theory L/R=1,n=2 L/R=2n=2

Present 10.1438 (first) 18.8483 (first)
10.0115 (higher) 18.6943 (higher)

PAR 9.97 17.16

PSDT 10.07 17.77

HYP 9.99 17.16

UNI 9.99 17.16

CST 14.77 20.17

First-order results obtained using shear correction factor of %

with n for the laminated composite cylindrical shell. The influences
of the geometric properties 2/ R and L/ R on the fundamental fre-
quencies are presented in Figs. 3 and 4. From Fig. 2, it is observed
that differencesbetween the frequencies obtained by first-order and
higher-order theories for a thick shell (2/ R =0.2) differ distinctly
only when n becomes large. The corresponding numerical results
are shown in Table 4. Table 5 shows correspondingresults for a thin
shell of 4/ R =0.002, and here there is little difference between re-
sults from the two theorieseven at large n. From Fig. 3, which shows
the variationof fundamentalfrequencyparameter(m, n) =(1, 1) for
a thick shell with the &2/ R ratio for a laminated composite cylindri-
cal shell, it is observed that the fundamental frequency parameters
increase monotonically with the increase of the 4/ R ratio. This is
unlike the case of a thin shell, where it is well known that the fre-
quency parameters first decrease to a minimum before increasing
monotonically. Because the circumferential wave number n consid-
ered in Fig. 3 is very small, the frequencies obtained by first-order
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Fig. 3 Variation of frequency parameter w./[pR*(1= v},)/E;] with
h/R ratio for a liminated composite cylindrical shell (L/R=20). Shear
correction factor of % used for first-order results.
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Fig. 4 Variation of frequency parameter w./[pR*(1= v3,)/E;] with
L/R ratio for alaminated composite cylindrical shell (/R = 0.2) for mode
(m,n)=(1,1). Shear correction factor of % used for first-order results.

and higher-ordertheories have minimal differenceseven though we
are considering the case of a thick shell. This is in line with the
conclusionsof Fig. 2. Table 6 presents the correspondingnumerical
results of Fig. 3. Figure 4 shows that, for mode (m, n) =(1, 1), as
the L/ R ratio increases, the frequenciesdecrease. This is intuitively
correct because the stiffness decreases with the increase in length.
Also, the L/ R ratio is not a contributing factor to differencesin the
frequency parameters arising from results between first-order the-
ory and higher-ordertheories. In correspondingresults presented in
Table 7, the minimal differences can be clearly seen.

Table 4 Variation of frequency parameter

w\/ [pR*(1— vfz )/E,] with circumferential wave
number n for a thick laminated composite cylindrical
shell (#/R =0.2 and L/R =20) and axial mode m =1

n Higher order First order
1 0.0519432 0.0519305
2 0.226436 0.22613

3 0.515465 0.517007
4 0.887824 0.892341
5 1.32054 1.33044

6 1.79558 1.81368

7 2.29945 2.32873

8 2.82243 2.86585

9 3.35773 3.41804
10 3.90064 3.98034

Table 5 Variation of frequency parameter

w.,/[pR*(1 = v2,)/E;] with circumferential wave
number n for a thin laminated composite cylindrical
shell (#/R =0.002 and L/R =20) and axial mode m = 1

n Higher order First order
1 0.0235941 0.0235941
2 0.0080821 0.0080821
3 0.0066802 0.0066802
4 0.0103551 0.0103551
5 0.0160583 0.0160583
6 0.0231884 0.0231883
7 0.0316499 0.0316499
8 0.0414232 0.0414231
9 0.0525028 0.0525027

10 0.064887 0.0648867

Table 6 Variation of frequency parameter

w\/ [pR*(1= v},)/E;] with h/R ratio for a laminated

composite cylindrical shell (L/R =20) and mode

(m,n)=(1,1)
h/R Higher order First order
0.02 0.0240473 0.0240473
0.04 0.0253702 0.0253702
0.06 0.0274308 0.0274306
0.08 0.0300737 0.0300731
0.10 0.033155 0.0331538
0.12 0.0365583 0.0365559
0.14 0.0401953 0.0401913
0.16 0.0440013 0.0439951
0.18 0.0479289 0.0479198
0.20 0.0519432 0.0519305

Table 7 Variation of frequency parameter

w\/ [pR*(1— vfz )E,] with L/R ratio for a laminated

composite cylindrical shell (A/R = 0.2) and mode

(m,n)=(1,1)

L/R Higher order First order
2 0.738969 0.739281
4 0.343537 0.343607
6 0.199428 0.199481
8 0.132266 0.132312

10 0.0970384 0.097081

12 0.0773196 0.0773594
14 0.0658263 0.0658638
16 0.0589203 0.0589559
18 0.0546536 0.0546878
20 0.0519432 0.0519765
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Table 8 Variation of frequency parameter w./[pR*(1 = v},)/E*] with K for thin (h/R =0.002) and thick
(h/R =0.2) laminated composite shells

h/R = 0.002 h/R = 0.2
K n=1 n=3 n=>35 n=1 n=3 n=>5
0 0.0235895 0.00366906 0.00136952 0.0236306 0.00367662 0.00137238
0.1 0.0235941 0.00667993 0.0160559 0.0496758 0.373063 0.761253
0.2 0.0235941 0.00668007 0.0160573 0.0509063 0.437051 0.968167
0.3 0.0235941 0.00668012 0.0160577 0.0513454 0.466859 1.08537
0.4 0.0235941 0.00668014 0.0160579 0.0515708 0.484197 1.16201
0.5 0.0235941 0.00668015 0.0160581 0.0517079 0.495553 1.21627
0.6 0.0235941 0.00668016 0.0160582 0.0518002 0.503573 1.25677
0.7 0.0235941 0.00668017 0.0160582 0.0518665 0.509539 1.28818
0.8 0.0235941 0.00668018 0.0160583 0.0519165 0.514151 1.31327
0.9 0.0235941 0.00668018 0.0160583 0.0519555 0.517824 1.33376
1 0.0235941 0.00668018 0.0160583 0.0519868 0.520818 1.35082
HSDT?* 0.0235941 0.00668018 0.0160583 0.0519432 0.515465 1.32054
AHSDT, Higher-order shear deformation theory.
06 T T T T
05¢
g 5
2 720.4- XXXXXXX  h/R=0.002 -
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Fig. 5 Variation of frequency parameter w./[pR*(1= v3,)/E;] with
transverse shear correction factor K for a thin (#/R = 0.002) and a thick
(h/R =0.2) laminated composite shell for mode (m, n)=(1,1).

The frequencies of short, thick shells obtained from many shell
theories diverge when the circumferential wave number n decreases
from a large value to 1. Because first-order theory provides simpler
ways to solve this kind of problem, the accuracy and selection of
the transverse shear correction factor K becomes an important is-
sue. Basically, the sensitivity of frequencies to the transverse shear
correction factor K is of interest here, and the present study iden-
tifies situations where one should be more careful in selecting a
K value. The shear correction factor is introduced to resolve the
discrepancy between the actual stress state and the constant-stress
state predicted by the first-order theory, where it is used to com-
pute the transverse shear force resultants by multiplying the rele-
vant integrals with K. Figures 5, 6, and 7 show the variation of
fundamental frequency parameter with transverse shear correction
factor K for thin (H/R =0.002) and thick (H/R =0.2) laminated
composite shells with circumferential wave numbern =1, 3, and 5,
respectively,and the corresponding numerical results are presented
in Table 8. It can be seen that, when K is zero, the frequency param-
eters of the thick shell and the thin shell cannot be distinguished.In
other words, if the influence of the transverse shear force resultants
is neglected, the frequencies of a thick shell and a corresponding
thin shell are almost similar. Figures 5-7 also show that the larger
the circumferential wave number n is, the more difficult it is for
the frequency parameters to converge with respect to K, i.e., the
more importantis the selectionof the K value. From Table 8, which
presents results for a thick shell, the results obtained by the higher-
ordertheory are generallybetween theresultsobtained by first-order
theory using values of K =0and 1. On furtherinspection,forn =1,
the results obtained by the higher-ordertheory are equivalentto the
results of the first-order theory using K between 0.8 and 0.9. For
n =3 and 5, the higher-order-theoryresults are equivalentto results
of first-order theory using K between 0.8 and 0.9. Thus, on the basis

Fig. 6 Variation of frequency parameter w./[pR*(1—= v3,)/E;] with
transverse shear correction factor K for a thin (A/R = 0.002) and a thick
(h/R = 0.2) laminated composite shell for mode (m,n)=(1, 3).

frequency parameter

XXXXXXX  h/R=0 002
000000 HR=02

0 EYEED VIS VI VIR VIS VENY VIS VI v S—
0 02 04 06 08 1
K

Fig.7 Variation of frequency parameter w./[pR*(1= v},)/E;] with
transverse shear correction factor K for a thin (#/R = 0.002) and a thick
(h/R = 0.2) laminated composite shell for mode (m,n)=(1, 5).

of higher-ordertheory, the transverse shear correction factor K may
not be a constant, at least with respect to the circumferential wave
number n.

Conclusions

A higher-order shear deformation theory of laminated shell is
presented. The displacement is based on the summation of the
displacements of classic thin shell theory and those due to trans-
verse shear forces. The five independent unknowns are the same in
number as with the first-order theory, but they have different physi-
cal meanings. The displacements due to transverse shear forces are
assumed to be in the form of cubic functions so that they satisfy
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the parabolic distribution of the transverse shear stresses and zero
transversenormal strain on the top and bottom surfaces of the shells.
Exact solutions for thick cross-ply laminated cylindrical shells are
presentedby applying the minimum total potentialenergy principle.
A study onhow transverseshear force resultantsaffectthe frequency
characteristic by investigating the frequency variations with trans-
verse shear correction factor K is also presented. On the basis of
higher-order theory, the transverse shear correction factor K was
found to be nonconstantas the circumferential wave number n was
varied.
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